The existence of positive periodic solutions for a class of second order impulsive differential equations is studied. By using a fixed point theorem in cone, we obtain two existence results, which extend some known results.
Introduction
In this paper, we discuss the existence of positive periodic solutions for the following second order impulsive differential equation:
where a, b are positive constants, u(t k ) = u(t
) and u(t -k ) represent the right limit and left limit of u(t) at t k , respectively, u (t
Throughout this paper, we suppose that the following conditions are fulfilled: (P) f (t + T, u) = f (t, u), T >  is a constant, lim k→±∞ t k = ±∞, t k < t k+ . There exists p ∈ N such that I k+p (u) = I k (u), J k+p (u) = J k (u), t k+p = t k + T. To define the solution of (.), we introduce the space PC r (R) = {u : R → R|u (j) (t) is continuous at t = t k , left continuous at t = t k , and each u (j) (t + k ) exists for k ∈ Z, where j = , , . . . , r}.
By a solution of (.) we mean a function x ∈ PC  (R) satisfying (.).
The theory of impulsive differential equations has been a significant development in the last two decades. Periodic solutions and periodic boundary value problems of impulsive differential equations have received considerable attention and much literature has been published; for instance, see [-] and the references therein. It should be noted that compared to first order impulsive differential equations, there exist very few existence results of positive periodic solutions for second order impulsive equations, especially for second order impulsive equations with derivative term, see [-] . In [] , authors considered the special case a = b of (.), in which the functions f (·, u), I k (u), J k (u) satisfy the given growth conditions at the origin and infinity. Hence, one cannot obtain the multiplicity of periodic solutions under their conditions. If  < t  < t  < · · · < t p < T, our problem is equivalent to the periodic boundary value problem
In recent paper [] , authors discussed the special case of (.)
and obtained multiplicity of positive solutions of (.), where they made the best of the properties about the Green's function of
However, their method is invalid for (.). In this paper, by using a fixed point theorem in cone, we obtain two existence theorems of a single positive periodic solution for (.) under suitable behavior of functions f , I k , J k on some closed set. In addition, some information on the location of periodic solution is obtained, which can lead to the results on multiple periodic solutions.
Main results
Put u = x, u + au = y or u = φ, u -bu = -ϕ, then (.) can be written as
where
and (x, y),
we call z = (x, y) a solution of (.) (or (.)). If z = (x, y) is a solution of (.) (or (.)) and x, y are T-periodic, then x is a T-periodic solution of (.). If (x, y) and (φ, ϕ) are T-periodic solutions of (.) and (.), respectively, similar to Lemma . in [] , one can obtain that x, y and φ, ϕ satisfy the integral equation system
e λT - .
Lemma . []
Let X be a Banach space and P be a cone in X. Suppose that  and  are open subsets of X such that  ∈  ⊂¯  ⊂  and suppose that
The following theorems are the main results of this paper.
Theorem . Assume that (P) holds and there exist two positive constants r < R such that
) has at least one positive T-periodic solution x with r ≤ x ≤ R and x(t) ≥ δr for all t ∈ R.
Remark . The condition ϕ δ (r) <  < ψ δ (R) (or ϕ δ (R) <  < ψ δ (r)) in Theorem . can be replaced by the condition easily verified
Proof Here we only prove the case ϕ δ (r) <  < ψ δ (R). Let
At first, we show that
We claim that
. If δr ≤ s ≤ r, there exists u t ∈ [δs, s] such thatf (t, u t ) = sup δs≤u≤sf (t, u). We consider two subcases.
Subcase :
Hence, (.) holds and
Similar to (.), we obtain that
Next, we define operator and cone. Let
[,T] |x(t)| and y = max t∈[,T] |y(t)|. Define the mapping A : E → E and the cone P in E by

A(x, y) = (X, Y ),
where  < ε < aσ - (R -r). At first, we show that A : P ∩ (¯  \  ) → P. For any (x, y) ∈ P, it 
is easy to verify that A(x, y)(t + T) = A(x, y)(t), that is, X(t + T) = X(t) and Y (t + T) = Y (t). We need to show that A(x, y)(t) = (X(t), Y (t))
we obtain that X(t) ≥ δ X and Y (t) ≥ σ Y , and hence A(P) ⊂ P. In addition, one can easily check that A : P ∩ (¯  \  ) → P is completely continuous.
Finally, we show that the condition (ii) of Lemma . is satisfied. We firstly show
If not, there exist
(.)
By integration, we obtain that
From (.) and (.), we have
Since z  = (x  , y  ) ∈ P ∩ ∂  , x  = r or y  = ε + aσ - r. If x  = , one easily gets that y  = , t = t k . On the other hand, the fact that y  = ε + aσ - r and y  is left continuous implies that y  ≡  for t = t k , a contradiction. Thus  < x  ≤ r. Noting that
which is in contradiction with (.). Hence,
We show that for z ∈ P ∩ ∂  and μ ≥ ,
inf Az E >  and z = μAz.
Assume that inf z∈P∩∂  Az E = . There exists the sequence z n = (
as n → ∞. Hence x n = R and x n (t) ≥ δ x n = δR. We have
which is a contradiction.
Suppose that there exist
(.) Similar to (.) and (.), we have
We consider two cases.
Noting that x  ≥ , y  ≥  for all t ∈ J and μ  ≥ , we obtain that
which is in contradiction with the fact ψ δ (R) > .
The condition (ii) of Lemma . is fulfilled and it follows that A has at least one fixed point z = (x, y) ∈ P ∩ (¯  \  ). Clearly, x, y satisfy
(.)
Suppose that x < r. By integrating the first equation of (.), we obtain that
, and
It is easy to check that x is one positive T-periodic solution of (.). The proof is complete.
We introduce the following assumptions:
where m = min{m  , m  , . . . , m p } and v k ∈ [δr, r], and 
Application
In this section, some examples are provided to highlight our results obtained in previous section and the results in [, ] cannot been applied.
Example . Consider the differential equation
u (t) + Cu (t) + f (u(t)) = , t = t k , u (t k ) = -J k (u(t k )), k ∈ Z, (.)
where C ∈ R, and there exists p ∈ N such that J k+p (u) = J k (u), t k+p = t k + T. Moreover, the following condition holds:
